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M E D I U M  

Results are  presented of a numerica l  experiment  on the propagation of broad axially s y m -  
met r ic  wave beams in a weakly nonlinear medium. Cases  of cubical nonlinearity and non- 
l ineari ty with saturation are  examined. 

As is known, the propagation of sufficiently broad axially symmet r i c  wave beams in a weakly non- 
l inear medium without absorption with the dielectr ic  constant 

e = e 0 [ t §  / ( l u l  s ) ~ l  (1) 

is descr ibed by the parabolic equation [1, 2] 

2 i  0 - 7  = 0- -~  7 o ;  + ks/(luts)u k = (2) 

Here r '  is the radial  coordinate,  z '  the axial coordinate,  c the speed of light, co the frequency,  and u 
the e lectr ic  field intensity. 

In the dimensionless  var iables  r =kr  w, (1) takes the form 

2i 0u 0su . t au 
Oz o-7"~ - f - -~-o- f  +-' / ( l u l s ) u  (3) 

The difficulties in analytic study of (3) make necessa ry  its numer ica l  integration. In the present  paper 
this integration is ca r r i ed  out for a medium with cubical nonlineari ty 

/ ( l u l  s ) = a l u  I s ( ~ 0 )  (4) 

and for  a medium with saturated nonlineari ty of the form 

/ (1 u is) : cr•  ( t  - -  e x p  ( - - x  I u IS)) (a ,  x > 0)  

The choice of (5) is a resul t  of the fact that for  sufficiently small  I u l the medium (5) can be con- 
s idered cubical, and for  I u [>> 1 the parabolic equation (3) becomes l inear.  
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As the initial condition for  (3) we take the Gaussian distribution 

u(r,  0 ) ~ e x p ( - - r  s / l  s) (6) 

where l is the charac te r i s t i c  width of the initial beam. 

The natural  boundary conditions for  (3) have the form [1, 3] 

Ou "0 -g-F( ' z) = 0, u(oo, z) = 0 (7) 

Fig.  1 
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We no te  tha t  f r o m  c o n v e r g e n c e  of the  e n e r g y  i n t e g r a l  
co 

, P = ~ .I u I~rdr (8) 
O 

' i t  fo l lows  tha t  t u I  d e c r e a s e s  f a s t e r  than  r -1. 

F o r  the  b o u n d a r y  cond i t ion  a t  in f in i ty  we u s e  an a p p r o x i m a t i o n  of 
t he  f o r m  

Ou (B,  z) / Or-~- ~ (B) u (R,  z) (9) 
20 ~0 ~0 78 

w h e r e  R i s  the  end poin t  of the  n u m e r i c a l  i n t e g r a t i o n  i n t e r v a l .  To o b -  
F i g .  3 t a i n  ~(R)  we u s e  the  m e t h o d  d e v e l o p e d  in [4] fo r  l i n e a r  d i f f e r e n t i a l  e q u a -  

t i o n s .  The  p o s s i b i l i t y  of u s ing  the a l g o r i t h m  of [4] in the  p r e s e n t  c a s e  
i s  a s s o c i a t e d  wi th  the  fac t  tha t  the  n o n l i n e a r  t e r m  f ( I  u I 2)u d e c r e a s e s  at  in f in i ty  at  l e a s t  a s  r -3. Equa t ion  
(3) is  a p p r o x i m a t e d  by  an i m p l i c i t  t w o - l a y e r  f i n i t e - d i f f e r e n c e  s c h e m e  of second  o r d e r  in r and f i r s t  o r d e r  
in z [5]. The  r e s u l t i n g  s y s t e m  of a l g e b r a i c  equa t ions  f o r  the  unknown g r i d  func t ions  on the  d i f f e r e n t  z 
l a y e r s  was  s o l v e d  by  the  p i v o t a l  m e t h o d .  The  c a l c u l a t i o n  was  m a d e  on a B E S M - 6  c o m p u t e r  in the  band 
0-< r-< R and was  t e r m i n a t e d  upon r e a c h i n g  a p r e s p e c i f i e d  v a l u e  of z.  The  quan t i t y  R was  t aken  in the  r a n g e  
f r o m  5l to  1 0 l .  In p r a c t i c e  t he  c a l c u l a t i o n s  us ing  th i s  a l g o r i t h m  w e r e  s t a b l e  fo r  any  r and z s t e p s .  

To check  the  c o r r e c t n e s s  of the  c a l c u a t i o n  we u s e d  c o n s e r v a t i o n  of t he  e n e r g y  i n t e g r a l  P,  which  can 
b e  r e p r e s e n t e d  in a f o r m  conven ien t  f o r  n u m e r i c a l  r e a l i z a t i o n  

S, J r r, = = -~-)r=R, dz (10) 
0 0 

Formula (I0) is obtained easily if we multiply both sides of (3) by u and apply Green's formula to the 

imaginary part of the resulting expression. 

In [I, 2] it is shown that in a cubical medium with beam power P exceeding some critical value P,, 

the beam self-constricts (collapses) to a point on the z axis. Numerical calculations [I] show that the cri- 

tical power corresponds to l, ~2.73. For I > l, the beam intensity on the axis increases. The variation 
of the field amplitude along the beam axis for various I > l* is shown in Fig. I. 

It turns out that about 20-30% of all the light pulse energy is concentrated in the collapsed part of 
the beam. The formation of side peaks on the I u(r, z) I profile for fixed z, indicated in [3], was not ob- 

served. The characteristic amplitude profiles for different z are shown in Fig. 2a for l =4 and in Fig. 2b 
for I = 8. 

Collapse does not occur in a medium with saturation of the nonlinearity for light beam power P ex- 
ceeding the critical value P.. The amplitude on the axis oscillates and with increase of z changes quite 

complexly (Fig. 3). We see from Fig. 3 that with increase of I for given z, the maximal value of the light 
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b e a m  ampli tude on the axis i n c r e a s e s .  The range of the I u(0, z) I osci l la t ions d e c r e a s e s  with i nc r ea se  of 
and the ampli tude on the axis approaches  some s ta t ionary  s ta te .  F igure  2c shows the I u(0, z) I prof i les  

for  l =4, ~=0 .5 .  

In the calculat ion p r o c e s s  the e r r o r s  assoc ia ted  with the e r r o r  of approximat ion  of the initial  equa-  
tion (3) accumulate .  This leads to a slight change of the energy  in tegra l  calculated using (11). The m a x -  
imal  beam penetra t ion depth in F igs .  1 and 3 co r re sponds  to an energy  "change" of 3% with r e spec t  to the 
initial  value. 

These  calculat ions a r e  appl icable  to t ime  in te rva ls  a f t e r  the appearance  of the light pulse which a r e  
l ess  than the t ime  n e c e s s a r y  for  the manifes ta t ion  of t h e r m a l  and s t r ic t ion  effects .  

The authors  wish to thank V. I. Ka rpman  for  valuable  d iscuss ions  and his in te res t  in this study. 
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